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Both electromagnetic and strong interactions contribute to make, in magnetic fields of the order of B > 1014 T, 
the neutron stable against beta decay and for somewhat larger fields the proton becomes unstable to a decay into a 
neutron via fl emission. Changes in chiral condensates due to such fields and an unexpectedly large field dependence 
of hadronic magnetic moments would modify these arguments. Fields of such magnitude may exist in colliding neutron 
stars and in the vicinity of cosmic strings. Possible astrophysical consequences are discussed. 
1. In t roduct ion  
The studies of the stability of the standard model 
of particle physics in the presence of intense mag- 
netic fields was initiated by Ambjorn and Olesen [ 1 ]. 
These authors find that instabilities will occur for 
fields larger than M2/e  or ~ 1020 T. Fields, though 
intense but several orders of magnitude smaller, have 
been postulated to exist near astrophysical objects 
[2,3]; we have been investigating [4,5 ] questions re- 
lated to the behavior of elementary and composite 
states in this environment. In this paper we concen- 
trate on the question of mass shifts of bound states of 
quarks. These shifts occur both due to the effects uch 
magnetic fields have on the strong binding forces, and 
due to the direct interactions of charged spinning par- 
ticles with external fields. The modifications of the 
strong forces are such as to close the gap between 
the proton and neutron masses and ultimately make 
the proton heavier; a delicate interplay between the 
anomalous magnetic moments of the proton and neu- 
tron drives the mass shifts due to the direct interac- 
tions in the same direction. For B > 1.5 x 1014 T the 
neutron becomes table and as the field is increased 
past 2.7 x l014 T the proton becomes unstable to a 
decay into a neutron, positron and neutrino. 
In section 2 we study the behavior of a proton, 
neutron and electron in an intense magnetic field, 
and in section 3 we study the mass shifts due to the 
strong forces. This effect can be calculated because 
the baryon masses are driven primarily by chiral con- 
densates [6]; this would not be true for mesons as 
other (gluon) condensates and perturbative forces are 
important. Decay rates and spectrum are presented 
in section 4. Caveats for the validity of these results 
caused by the assumption of field independent mag- 
netic moments are presented in section 5 as are limi- 
tations due to a possible vacuum instability. Conclu- 
sions and astrophysical consequences are presented in
the last section. 
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2. Low lying states for particles in uniform magnetic 
fields 
The quantum mechanics of a Dirac particle with 
no anomalous magnetic moment in a uniform exter- 
nal magnetic field is straightforward. We shall present 
the results for the case where particles do have such 
anomalous moments. In reality, in fields so strong that 
the mass shifts induced by such fields are of the order 
of the mass itself one cannot define a magnetic mo- 
ment as the energies are no longer linear in the exter- 
nal field. Schwinger [7 ] calculated the self-energy of 
an electron in an external field and we shall use his 
results ubsequently. We cannot follow this procedure 
for the proton or neutron as we do not have a good 
field theory calculation of the magnetic moments of 
these particles, even for small magnetic fields; all we 
have at hand is a phenomenological anomalous mag- 
netic moment. However, for fields that change the en- 
ergies of these particles by only a few percent, we will 
consider these as point particle with the given anoma- 
lous moments. In section 5 we will discuss possible 
l imitations of this approach. 
2.1. Protons in an external field 
The Dirac Hamiltonian for a proton with a uniform 
external magnetic field B is 
H = ~. [p -  cA(r)] + flMp 
e 
2Mp (½gp - l ) f lX .B .  (1) 
The vector potential A(r) is related to the field by 
A(r) = ½r×Bandgp = 5 .58 is theproton 'sLand6g-  
factor. We first solve this equation for the case where 
the momentum along the magnetic field direction is 
zero and then boost along that direction till we obtain 
the desired momentum. For B along the z direction 
and p~ = 0 the energy levels are [8] 
En,m,s = [2eB(n + ½) -eBs  + ME] 1/2 
e 
2Mp (½gp - l)Bs. (2) 
In the above, n denotes the Landau level, m the orbital 
angular momentum about he magnetic field direction 
and s = i I indicates whether the spin is along or 
opposed to that direction; the levels are degenerate in
m. n = 0 and s -- + 1 yield the lowest energy: 
e 
E = hT/p = M, - ~-~p (½gp - 1)B. (3) 
As we shall be interested in these states only, we will 
drop the n and s quantum numbers. The Dirac wave 
function for this state is 
~lm,pz=O(r) = Cm(X,y )  , (4) 
Cm'S are the standard wave functions of the lowest 
Landau level, 
¢m(X,y )  = (½1eBI)C~+l)/2 (x + iy )  m 
x exp[-¼1eBl(x 2 + y2)] .  (5) 
Boosting to a finite value ofpz is straightforward; we 
obtain 
Em(pz) = ~ + ~z ,  (6) 
with a wave function 
(co:o / . 
elpz z 
qJm.pz(r, = ~si;hO ) -~nCm(x ,y , ,  (7, 
where 20, the rapidity, is obtained from tanh 20 = 
pz/E,n (Pz). 
In the non-relativistic l imit the energy becomes 
Em(pz) = hT/+ 2~/ (8) 
and the wave function reduces to 
eWz z 
q/m,pz ( r )  = " - '~qSm(X,y ) .  (9) 
2.2. Neutrons in an external field 
For a neutron the Dirac Hamiltonian is somewhat 
simpler: 
H = o~'p + flMn e g" f lX .B ,  (10) 
2M, 2 
188 
Volume 311, number 1,2,3,4 PHYSICS LETTERS B 29 July 1993 
with gn = -3.82.  Again for pz = 0 the states of 
lowest energy, the ones we shall be interested in, have 
energies 
E(p z ,pz  = O) 
e gnB+~F~+M~.  (11) 
-2~/ ,  2 
Boosting to a finite pz we obtain 
E(p)  = v /E (Px ,pz  = 0) 2 + p]. (12) 
The wave functions corresponding to this energy are 
ew.r 
gp( r ) - -  (2n)3/2u(p,s  =-1) ,  (13) 
where u (p, s = - 1 ) is the standard spinor for a par- 
ticle with momentum p, energy X /~ + M~ (not the 
energy of eq. (12)) and spin down. 
In the non-relativistic limit 
p2 
e---~-g-£ B + - -  (14) 
E(lO) = M.  + 2Mn 2 2Mn ' 
and the wave functions are 
ew.r 
~,p(r) = (2g)3/2 . (15) 
2.3. Electrons in an external field 
and with wave function similar to those of the proton, 
qlm,pz(r ) = CO 0 elPzZ - *  ¢ " (18)  
9,, tx,  y~ , 
\ sinh 0 ] 
where the boost rapidity, 20, is defined below eq. (7) 
while the Landau level wave function is defined in 
eq. (5). The reason the complex conjugate wave func- 
tion appears is that the electron charge is opposite to 
that of the proton. 
3. Effects of magnetic fields on strong forces 
We must be sure that shifts due to changes of color 
strong forces will not shift states in the opposite direc- 
tion. The best method to study masses of QCD bound 
states is the use of sum rules [6]. This method uses 
the SVZ [9 ] generalized short distance xpansion that 
includes not only perturbative pieces, but also higher 
dimensional operators like the chiral and gluon con- 
densates reflecting the non-abelian ature of the vac- 
uum. Fortunately the proton has a simple structure 
[6] which reflects the fact that if chiral symmetry is 
restored the proton and neutron masses vanish: 
Mp,n = 3a(q~) 1/3 _1_ small corrections, (19) 
We might be tempted to use, for the electron, the 
formalism used for the proton with the Land6 factor 
replaced by ge = 2 + c~/n. However, as we shall see 
for magnetic fields sufficiently strong as to make the 
proton heavier than the neutron, the change in energy 
of the electron would appear to be larger than the mass 
of the electron itself. The point particle formalism 
breaks down and we have to solve QED, to one loop, in 
a strong magnetic field; fortunately this problem was 
treated by Schwinger [7]. The energy of an electron 
with pz = 0, spin up and in the lowest Landau level is 
Em,p~=O = Me 1 + ~-~-n l \  Me2 . (16) 
For field strengths of subsequent interest his correc- 
tion is negligible; the energy of  an electron in the low- 
est Landau level, with spin down and a momentum 
ofpzz  is 
Em,pz = ~ z  2 -[- Me  2 , (17) 
where a is a constant. Meson mass terms are more 
involved; for example the p mass is 
Mp = b(perturbative t rms) + c(Gu, G u") 
+ d(q~). (20) 
b, c and d are constants of comparable magnitude 
[6]. As we shall show it is only the change of (q~) 
due to external magnetic fields that may be obtained 
in a reliable manner. 
In the presence of external fields we expect he chiral 
condensates for quarks of different charges to vary, 
and eq. (19) becomes 
M 3 = a(2(ug) +(dd) ) ,  
M 3 = a(2(dd)  + (ug)) .  
To first order in condensate changes we find 
(21) 
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aMp = Mp (2 a<u~> a<dd)'~ 
-- i f- \  (u~) + <dd> ] '  
M , (b<dd)  a(u~))  
aM, = ~ 2 (dd) + ~ " 
Combining: 
M (a<u-ff) b<dd> "~ 
aacp - aa¢. = y \ ). 
(22) 
(23) 
4. Proton life time 
4.1. Decay kinematics 
Combining eq. (3), eq. (14) and eq. (26) we find 
the proton-neutron energy difference as a function of 
the applied magnetic field: 
A(B) = -1.3 + 0.38B~4 + 0.11B24 MeV. (27) 
A simple method for studying the behavior of the chi- 
ral condensates in the presence of external constant 
fields is through the use of the Nambu-Jona-Lasinio 
model [10]. This has been done by Klevansky and 
Lemmer [ 11 ] and a fit to their results is 
( eqn ~ 21 1/2 
(q~)(B) = <q~)(0) 1 + ~,--~-} 
J 
(24) 
with A = 270 MeV and eq the charge on the quark. 
To lowest order we find 
a<q-q) 1 { eaB'~ 2 
- 2 (25) 
and 
(eB~ 2 " 
amp - aMo = (26) 
As in the previous ection, these corrections are such 
as to drive the proton energy up faster than that of the 
neutron. One can understand the sign of this effect; 
the radius ofa qnark-antiquark pair will decrease with 
increasing magnetic field thus making the condensate 
larger. As the u quark has twice the charge of the d 
quark, its condensate will grow faster and as there are 
more u quarks in the proton than in the neutron its 
mass will increase faster. 
The fact that our estimate of the sign of the neutron- 
proton mass difference is the same as that due to elec- 
tromagnetic effects is crucial. QCD sum rules and our 
method of evaluating the chiral condensates are both 
crude and the magnitude of the mass difference is un- 
certain. Had the sign of the hadronic orrection been 
opposite, cancellations could have occurred and the 
argument for a narrowing of the mass difference and 
ultimate reversal could not have been made. 
BI4 is the strength of the magnetic field in units of 
10 ~4 T. The neutron becomes table for B > 1.5 × 
1014 T and the proton becomes unstable to fl decay for 
B > 2.7 × 1014 T. We shall now turn to a calculation 
of the life time of the proton for fields satisfying the 
last inequality. 
4.2. Proton, neutron and electron fields 
With the wave functions of the various particles 
in the magnetic fields we may define field operators 
for these particles. For the proton and electron we 
shall restrict he summation over states to the lowest 
Landau levels with spin up, down respectively; for 
magnetic fields of interest the other states will not 
contribute to the calculation of decay properties. For 
the same reason, the neutron field will be restricted to 
spin down only. The proton and neutron kinematics 




+ btm (pz) 
1 
0 
[ eWZ zam(pz) --~gg ~m(X,y) 
e-lpzz 
~ ~m(X,y) , (28) 
with (Om(X,y) defined in eq. (5) and the energy, 
Em(pz) in eq. (8). a,,(pz) is the annihilation oper- 
ator for a proton with momentum PzZ and angular 
momentum m; bm (pz) is the same for the negative 
energy states. For the neutron the field is 
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f e~.r g-'.(r) = d3p a(p)  (2g)3/2 
(o 
+bt(p)  0 e -ip'r 
0 (2zc)3/2 , (29) 
1 
with an obvious definition of the annihilation oper- 
ators. For the electron we use fully relativistic kine- 
matics and the field is 
~e{r) =~f dp.~ 
[O).o cosh 0 e w'z . 
x am(p ._ )  -'~-~(~m(X,y) 
sinh 0 
l + b*m (pz) co 0 e -  'p'" ~(p*m(X,y )  (30) 
\ sinh 0 
4. 3. Decay rates and spectrum 
The part of the weak Hamiltonian responsible for 
the decay p ---+ n + e + + Ue is 
GF f H = --~ d3X~nyu(1 + ys)gapgJv~u(1 + Xs)gJe. 
(31) 
For non-relativistic heavy particles the matrix element 
of this Hamiltonian between a proton with quantum 
numbersp.  = 0, m -- mi, a neutron with momentum 
Pn, a neutrino with momentum p ~ and an electron in 
state m = mf and with Pz,e is 
2GF (Ee +Pz'e) 1/4 " ~e  
(H) -  (27g)3 Ee-Pz,e s in(0 . /2)  
× • (Pz,e + Pz,,, + P~,,, )
J" dx dycb~,f (x ,y )~m,(x ,y )  × 
x exp[ - i (p±,n + p._ . )  • r_L] ; (32) 
0. is the azimuthal angle of  the neutrino. The integral 
in the above expression can be evaluated in a mul- 
tipole expansion. Note that the natural extent of the 
integral in the transverse direction is 1/v/eB whereas 
the neutron momenta re, from eq. (27), of the order 
of v/eB(0.12 + 0.04B14); thus setting the exponen- 
tial term in this integral equal to one will yield a good 
estimate for the rate and spectrum of this decay. The 
positron spectrum is given by 
dF _ 4 G2FMp Ee + Pz,e (A - Ee) 3, (33) 
dpz,e 3 (2/t) 6 Ee 
where d is defined in eq. (27). For d >> Me the total 
rate is easily obtained: 
F = 2 G~Mp /t 4 
5 (27r) 6 - " (34) 
For B = 5 x I014 T, the lifetime is r = 6 s. 
5. Caveats and limitations 
For general magnetic fields we expect the masses 
of particles to be non-linear functions of these fields. 
Such an expression has been obtained, to order c~, for 
the electron [7]. For small fields this reduces to a 
power series, up to logarithmic terms, in B/&,  where 
Bc is some scale. For the electron Bc = M)/e .  For 
the hadronic case the value of B0 is uncertain. Bc = 
Mff/e = 1.7 × 1016 T is probably too large and Mp 
should be replaced by a quark constituent mass and 
e be eq; in that case Bc = (2-4) × 1015 T, depend- 
ing on the quark type. This is also the range of val- 
ues of A2/eq in eq. (24). The effects we have stud- 
ied need fields around a few x 1014 T or an order of 
magnitude smaller than the lowest candidate for Bc. 
Eq. (27) may be viewed as a power series expansion 
up to terms of order (B/Bc )2; as the coefficient of the 
quadratic term was obtained from a fit to a numerical 
solution, logarithms of B/Bc may be hidden in the co- 
efficient. As in ref. [7 ], even powers will be spin inde- 
pendent and the odd ones will be linear in the spin di- 
rection and may be viewed as field dependent correc- 
tions to the magnetic moment. We cannot prove, but 
only hope, that the coefficient of the (B /&)3  term, 
the first correction to the magnetic moment is not un- 
usually large; should it turn out to be big and of op- 
posite sign to the linear and quadratic terms, the con- 
clusions of this work would be invalidated. These ar- 
guments, probably, apply best to the field dependence 
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of the magnetic moments of the quarks rather than 
the total moment of the baryons. We may ask what is 
the effect on these magnetic moments due to changes 
in the "orbital" part of the quark wave functions. To 
first order we expect no effect as all the quarks are in 
S states and there is no orbital contribution to the to- 
tal moment. The next order perturbation correction 
will be down by (rb/rc) 4 compared to the leading ef- 
fect; rb is the hadronic radius and re is the quark's cy- 
clotron radius. This again contributes to the (B/Bc)3 
term in the expansion for the energy of a baryon. 
An other l imitation is due to the results of ref. [ 5 ] 
where we have shown that fields of the order of a few 
x 1014 T are screened by changes in chiral conden- 
sates. In fact, as the chiral condensate will, in large 
fields, point in the charged g direction, the baryonic 
states will not have a definite charge. Whether the 
proton-neutron reversal takes place for fields below 
those that are screened by chiral condensates or vice 
versa is a subtle question; the approximations u ed in 
this paper and in ref. [5] are not reliable to give an 
unambiguous answer. The treatment of the effects of 
magnetic fields on the strong force contributions to 
the baryon masses relies on the Nambu-Jona-Lasinio 
model, and in ref. [5] the variation of f ,  with mag- 
netic field was not taken into account. We hope to 
return to these questions in a future work. It is clear 
from this discussion and from the one in the previous 
section that we cannot push the results of this paper 
past a few x 1014 T. 
6. Conclusions and experimental consequences 
We studied the mass evolution of protons, neutrons 
and electrons in magnetic fields and concluded that 
due to electromagnetism alone, a proton will decay 
in a very intense field. Including the effects of chiral 
condensates diminishes the field even further. Quali- 
tatively, it is clear that the effect enhances the electro- 
magnetic ontribution but its exact value depends on 
the model. This points to a novel astrophysical mech- 
anism for creation of extra galactic positrons. There 
is indeed an overabundance of positrons as compared 
with existing mechanisms [ 12 ]. As the magnetic mo- 
ment of leptons is greatly reduced in such fields [7] 
the extraction mechanism for positrons from such 
fields [2] must be recalculated. 
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